ABSTRACT
INTRODUCTION
Vehicular traffic has been studied for many decades and many different control methods has been developed (traffic lights, variable message signs) to regulate transportation systems; see [1] for a review. While traditional traffic control increases the efficiency, further improvement are possible by exploiting advanced vehicle technologies. In particular, one may use autonomous cruise control (ACC) devices to regulate the flow [2] .
We propose a modeling framework for ACC equipped vehicles that allows one to implement nonlinear range policies that can be used for the entire velocity and headway range. Such vehicles are able to operate in stop-and-go conditions. To achieve this one needs to take into account nonlinearities in the system (like air drag). On the other hand, we also exploit nonlinearities when designing and implementing the range policy, so that it provides a smooth ride and also increases the road capacity. We propose a particular nonlinear range policy which is easy to handle analytically. We show that both plant and string stability can be ensured by appropriate choice of control gains. Such controller can be implemented in vehicles independent of the powertrain specifications (internal combustion engine, hybrid-electric vehicles, electric vehicles, etc.) and allows optimization in the entire torque and engine speed range (e.g., for energy consumption).
NONLINEAR ACC MODEL
We consider vehicles on a single lane as represented in the top panel of Fig. 1 where the positions x n , the velocities v n and the headways h n are shown together with the vehicle length . We focus our attention on two consecutive vehicles and for simplicity we drop the indexes for the follower and use the subscript L for the leader. To model the longitudinal dynamics of the follower we assume no slip condition on the wheels and neglect the flexibility of the tires and the suspension. Applying the power law we obtain the differential equation for the velocity v
The effective mass m eff = m + J/R 2 contains the mass of the vehicle m, the moment of inertia J of the rotating elements, and the wheel radius R. Furthermore, g is the gravitational constant, φ is the inclination angle, γ is the rolling resistance coefficient, k is the air drag constant, v w is the velocity of the headwind, η is the gear ratio, and T en is the engine torque [3] . For simplicity, we consider φ = 0, v w = 0 and J = 0 =⇒ m eff = m, while the other parameters are shown in Table 1 in the Appendix. When units are not spelled out, quantities should be understood in SI units. Our goal is to implement a given range policy v = V (h) which is achieved by the vehicle in steady state. While a variety of range policies can be considered we assume the following general properties: (i) V is continuous and monotonously increasing (the more sparse traffic is, the faster the driver wants to travel); second row of Fig. 1 . The nonsmooth function on the left represent a scenario where the time gap
while the smooth function on the right is given by
Indeed, many other range policies are possible [1] and some models contain range policies implicitly [4] . The smooth function (3) provides smoother ride than (2) and also increases the overall throughput of the system as shown by the flux-density diagrams in the third row in Fig. 1 . Here, the density and the flux are defined as ρ = 1/(h + ) and
(Such definition is only adequate in equilibrium situations where equidistant vehicles travel with constant velocity.) As can be observed the maximum flux is larger on the right. For the parameters shown in Table 1 in the Appendix, the maximum flux increases from 0.75 veh/s = 2700 veh/h to appr. 0.8 veh/s = 2880 veh/h which is considered significant in transportation systems. Indeed, the price one pays for the increase in flux is that in the middle of the dynamic domain the effective time gap becomes smaller. This must be compensated for by using appropriate control design. To achieve a range policy as an equilibrium of the system we propose the controller
where the z variable is introduced to represent the integral of the error while the function
is introduced to avoid following the leader when its velocity is larger than v max ; see the bottom panel in Fig. 1 . In fact, the controller is similar to a sliding-mode controller with sliding surface V (h) − v = 0; see [5] . Using the plant model (1) and the controller (4) the closedloop system can be written aṡ
Note thatK p andK v are measured in 1/s,K i is measured in 1/s 2 , andK p /K i represents the characteristic time needed to make the steady state error zero. For v L ≤ v max (ACC mode) this system possesses the equilibrium
where the last equation determines the engine torque
For v L > v max (cruise control mode) the state v * = v max can be achieved though this not an equilibrium of (6) . In this case, the follower simply operates in standard cruise control mode while the leader is getting away. It can be shown that this state is always stable.
PLANT STABILITY AND STRING STABILITY
In ACC mode (v L ≤ v max ) one must ensure the stability of the system. By plant stability we simply mean that when the leader is driving with constant velocity then perturbations in the follower's states decay until the system reaches the equilibrium (8). On the other hand, string stability means that when the leader varies its velocity around a constant value, the fluctuations become smaller for the follower. In this section we will test these conditions by linearizing around the equilibrium. Indeed, this analysis only ensures linear plant and string stability, that valid for small perturbations.
Defining the perturbationsh(
where the symbol N * represents the derivative of the range policy. For (3) this can be expressed as
which is equivalent to
Consideringṽ L as the input andṽ as the output, the Laplace transform of (9) leads to the transfer function
To ensure plant stability all poles (given by the denominator of the transfer function) must be on the left-half complex plane. Applying the Routh-Hurwitz criteria leads to the condition
When crossing the plant stability boundary, there exists a pair of purely imaginary poles λ = ±iΩ, so that oscillations arise with angular frequency Ω = K p N * +K i . To ensure string stability the inequality |Γ(iω)| < 1 needs to be satisfied for all ω ≥ 0; see [6] . Using the transfer function (12), algebraic manipulations lead to the string stability condition Copyright © 2012 by ASME 
where
The inequality (14) is satisfied for all ω ≥ 0 when the following conditions hold
The condition β < 0 can be satisfied by choosing the gain
Using (3,10,11) one may determine that the right hand side reaches its maximum when h * = h st + Table 1 in the Appendix we havê K i,cr ≈ 0.0365). ChoosingK i >K i,cr , condition (17) is always satisfied. When β < 0 is violated the system becomes string unstable for very low frequencies. This can be explained by that the magnitude of the transfer function can be expressed
On the other hand, when α 2 /4 + β < 0 is violated string instability occurs in a domain of frequencies around the critical frequency ω cr = √ α/2; see Fig. 5 . Fig. 2 shows the stability charts for v * = 15 m/s in the (K i ,K p )-plane for different values ofK v . Solid black curves represent plant stability boundaries, solid red curves represent string stability boundaries. The vertical line close to theK i = 0 is the β = 0 boundary (β < 0 on the right side of the curve). The red dashed curve represents the boundary α = 0 (α < 0 above the curve). In the white domain the system is both string and plant unstable. Light gray shading represent parameters where the system is only plant stable, while in the dark gray regions the system is string stable (as well as plant stable). Notice that as the parameterK v is increased the stable domains grow. This can also be observed in Fig. 3 where the curves are plotted in the (K v ,K p )-plane for a chosen value ofK i . Stability must be ensured in the whole velocity domain v ∈ [0, v max ]. Fig. 4 shows the changes of the stability boundary inK p as a function of the equilibrium speed v * for different values ofK i andK v . On may observe that largerK p is needed around the middle of the velocity domain. While the string stability boundaries only change significantly withK v the plant stability boundaries also change withK i .
In Figs. 2,3 and 4 the frequencies corresponding to the plant stability (Ω) and string stability (ω cr ) are plotted below each stability chart. When crossing from the plant stable to the plant unstable domain (light gray to white) oscillations develop spontaneously with the frequency Ω. To illustrate this, we marked the points G and H on each side of the plant stability domain in Figs. 2 and 4 and plotted the corresponding time profiles in Fig. 6 (top panels) where the system is subject to constant input
On the other hand, when crossing from the string stable to the string unstable domain (dark gray to light gray) oscillations close ω cr get amplified when propagating upstream (from leader to follower). We marked the points A-F in Figs. 2 and 4 and the corresponding output-input amplitude ratios are shown in Fig. 5 . Since the condition (17) is satisfied for the parameters considered here, |Γ(iω)| is decreasing for small frequencies in all cases. However, as the control gainK p is decreased the amplitude ratio becomes larger than 1 around the critical frequency ω cr ≈ 1. The smaller theK p value is the larger is the frequency domain where the system is string unstable. When comparing the diagrams forK v = 0 andK v = 1, observe that for the latter case the string unstable domain is smaller but the amplitude ratio increases more rapidly. The switching between string stable an string unstable behavior is illustrated by simulations in Fig. 6 (bottom panels) where the systems is subject to the periodic input v L (t) = v * L + v amp sin(ωt) such that the excitation frequency is close to ω cr . While the change between the panels seems small, such small amplification/attemuation become significant as disturbances propagate along the platoon.
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CONCLUSION AND DISCUSSION
In this paper we presented a nonlinear ACC model that allows one to operate the vehicle in both ACC mode and standard cruise control mode (and switches automatically between the two). We showed that both plant stability and string stability can be achieved by appropriately choosing the control gains and a trade-off has been found between the maximum available flux and the magnitude of the proportional gain. The obtained stability charts allow one to tune the controllers. In particular, a critical value of the integral gainK i is found that must be exceeded to maintain string stability. It is interesting to remark that string stability can be achieved without using the velocity difference between the leader and the follower (that is forK v = 0) by choosing sufficiently large proportional gainK p , but this may demand very large engine torque (and stall the engine). Increasinĝ K v allows one to use more realisticK p values.
